Conformal equivalence between certain geometries in dimension 6 and 7 by Cleyton, Richard & Ivanov, Stefan
ar
X
iv
:m
at
h/
06
07
48
7v
2 
 [m
ath
.D
G]
  2
6 J
ul 
20
06
CONFORMAL EQUIVALENCE BETWEEN CERTAIN GEOMETRIES IN DIMENSION
6 AND 7
RICHARD CLEYTON AND STEFAN IVANOV
Abstrat. For G2-manifolds the Fernández-Gray lass X1 + X4 is shown to onsist of the union of the
lass X4 of G2-manifolds loally onformal to parallel G2-strutures and that of onformal transformations
of nearly parallel or weak holonomy G2-manifolds of type X1. The analogous onlusion is obtained for
Gray-Hervella lass W1 + W4 of real 6-dimensional almost Hermitian manifolds: this sort of geometry
onsists of loally onformally Kähler manifolds of lass W4 and onformal transformations of nearly Kähler
manifolds in lass W1. A orollary of this is that a ompat SU(3)-spae in lass W1 +W4 or G2-spae of
the kind X1 +X4 has onstant salar urvature if only if it is either a standard sphere or a nearly parallel
G2 or nearly Kähler manifold, respetively. The properties of the Riemannian urvature of the spaes under
onsideration are also explored.
1. Introdution
Redutions of the bundle of orthonormal frames over a Riemannian manifold to a prinipal G-bundle may
be lassied by the G-invariant omponents of the intrinsi torsion.
This idea was originally due to Gray and ollaborators [10, 17℄ for the speial instanes of G2-manifolds
and almost Hermitian manifolds. It has been further rened and explored by, for instane, Bryant [6℄,
Farinola, Falitelli & Salamon [9℄, Martín Cabrera [24, 23℄, Martín Cabrera, Monar & Swann [25℄, Chiossi
& Salamon [8℄.
For G2- and almost Hermitian strutures alike, the intrinsi torsion has 4 irreduible omponents. There
are thus potentially 16 torsion lasses for these two kinds of geometries.
In [25℄, Martín Cabrera, Monar & Swann showed that apart from one instane, X1 + X2 in our notation,
every single lass of G2-strutures may be realized on a ompat homogeneous spae. For the one exeption
an easy alulation shows that any G2 struture with torsion X1 +X2 must have either X1 = 0 or X2 = 0.
In setion 3 we show that something similar holds for the lass X1+X4. Namely that the latter essentially is
generated by the lasses X1 and X4. It is well known that G2-strutures in this lass are loally onformally
equivalent to nearly parallel ones. We will show that this equivalene is only really loal when the G2-
struture lies in the sublass X4 of loally onformally parallel strutures. The struture of ompat loally
onformally parallel G2-manifolds has been reently desribed in [20, 29℄. In ontrast to this, we will show
that if the X1 omponent is non-zero at some point, it is non-zero everywhere. This is the key point in
proving that a global onformal hange exists.
Diereently from the G2 ase, it was only reently pointed out by Butruille [7℄ that a 6-dimensional almost
Hermitian manifold in the Gray-Hervella lass W1+W4 is loally onformal to a nearly Kähler manifold. In
setion 5, we present a dierent and simpler proof of this fat for ompleteness. Based on this the analogous
statements to those given for G2-strutures are shown to hold for 6-dimensional almost Hermitian geometry,
too. In partiular, any almost Hermitian 6-manifold in the lass (W1 + W4) \ W4 has trivial anonial
bundle. The geometries W4 for SU(3)- and X4 for G2-manifolds are both speial instanes of G-strutures
with vetorial torsion. This notion was studied in [1℄. The almost Hermitian manifolds and G2-strutures
studied in this paper all t in the wider framework of G-strutures with three-form torsion, see [12, 2℄.
The aim of this note is to establish
Theorem 1. Let (M, g, φ) be a ompat 7-dimensional manifold loally onformally equivalent to a nearly
parallel G2-manifold. Then (M, g, φ) has onstant salar urvature if and only if (M, g) is either nearly
parallel or onformally equivalent to the standard 7-sphere.
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Theorem 2. Let (M, g, J) be a ompat 6-dimensional manifold loally onformally equivalent to a nearly
Kähler manifold. Then (M, g, J) has onstant salar urvature if and only if (M, g) is either nearly parallel
or onformally equivalent to the 6-sphere with standard metri.
In the last setion we haraterize omplete Einstein G2 and SU(3) manifolds in the strit lass X1 +X4
and W1 +W4, respetively. The phrases `strit lass' is used here to indiate that the G-struture is not in
any sub-lass of the one given. So a G2-struture stritly in lass X1 must, in partiular, have non-trivial
intrinsi torsion.
The results obtained in this paper are diret onsequenes of the following. The G-strutures under
onsideration are desribed by the existene of ertain fundamental dierential forms ω1, . . . , ωp, whose
exterior derivatives determine the orresponding intrinsi torsion in full. First order identities on the G-
invariant omponents of the intrinsi torsion desend from the losure of dωi. These equations in general
have non-trivial onsequenes as is seen by the examples onsidered here.
The relations oming from the seond derivatives of the forms may also be seen as onsequenes of the
rst Bianhi identity, see for instane [26, 6℄.
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rst named author was supported
by the Junior Researh Group Speial Geometries in Mathematial Physis, of the Volkswagen foundation
and the SFB 647 SpaeTimeMatter, of the DFG. The authors wish to thank UC Riverside for hospitality
and Yat Sun Poon for support during the initial stage of this projet.
2. A lemma
The key to obtaining the results is the observation
Lemma 3. Let M be a onneted manifold equipped with a dierentiable funtion φ 6≡ 0 and a one-form α
suh that
dα = 0,
dφ+ φα = 0.
(2.1)
Then φ is nowhere zero and α = −d log |φ|.
Proof. Let φ and α be a funtion and one-form as in equation (2.1). By Poinaré's Lemma we may hoose
a overing Ui of M and funtions fi : Ui → R suh that α|Ui= dfi. Then equation (2.1) implies that the
produt φ exp(fi) is onstant over eah Ui. Therefore, if φ(p) 6= 0 at some point p in, say U0, then φ 6= 0 over
all U0 and therefore also on eah Uj that overlaps U0. The onlusion now follows from onnetedness. 
3. The G2 ase
A G2-manifold is a 7-dimensional manifold M equipped with a speial, so-alled fundamental three-form
φ, required to satisfy the following non-degeneray ondition
(3.1) iXφ ∧ iY φ ∧ φ = 6g(X,Y ) vol(g),
for some Riemannian metri g and orientation onM . The notation iXφ means interior produt of the vetor
eld X with the three-form φ. It is well known that the ovariant derivative of the fundamental three-form
is determined by the exterior derivatives of φ and its Hodge dual ∗φ. Using the representation theory of G2
on the exterior algebra one may write these dierentials as
dφ = τ0∗φ+ 3τ1 ∧ φ+ ∗τ3,
d∗φ = 4τ1 ∧ ∗φ+ τ2 ∧ φ,
for suitable forms τp ∈ Ω
p
. In terms of the G2 invariant splittings of the exterior algebra, τ0 ∈ Ω
0
1, τ1 ∈
Ω17, τ2 ∈ Ω
2
14, τ3 ∈ Ω
3
27. The notation Ω
p
d indiates the spae of p-forms taking values in the d-dimensional
G2 irreduible subspae Λ
p
d ⊂ Λ
p
. The one-form τ1 is also known as the Lee form of the G2 manifold. The
forms τ0, τ1, τ2, τ3 orrespond to the Fernández-Gray lasses [10℄as follows
τ0 ↔ X1, τ2 ↔ X2, τ3 ↔ X3, τ1 ↔ X4.
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When we speak of the intrinsi torsion τ of a G2 struture we mean the form of mixed degree τ = τ0 + τ1 +
τ2 + τ3 xed by the fundamental three-form as above.
In partiular, G2-manifolds in the lass X1 are haraterized by the onditions τ1 = τ2 = τ3 = 0 and
are alled nearly parallel G2-manifolds. It is well known that these spaes are Einstein with positive salar
urvature. From this it follows that τ0 is onstant [13, 14℄.
A G2-manifold in the Fernández-Gray lass X1 + X4 satises τ2 = τ3 = 0. The struture equations for
this ase redue to
dφ = τ0∗φ+ 3τ1 ∧ φ,
d∗φ = 4τ1 ∧ ∗φ,
from whih one infers
(3.2)
d2φ = (dτ0 + τ0τ1) ∧ ∗φ+ 3dτ1 ∧ φ,
d2∗φ = 4dτ1 ∧ ∗φ.
The latter equation implies that the omponent (dτ1)7 ∈ Ω
2
7 vanishes. Using this in the rst equation,
one dedues that the omplementary omponent (dτ1)14 ∈ Ω
2
14 also vanishes. Thus we reover the fat
(see [23℄) that G2 strutures in this lass are, loally, onformal to a nearly parallel struture. Observe that
equations (3.2) furthermore give us dτ0 + τ0τ1 = 0. Now our Lemma 3 applies with φ = τ0 and α = τ1. The
onnetedness of M leads to the onlusion in the form of this
Theorem 4. Suppose M is a 7-dimensional manifold with a G2-struture φ in the Fernández-Gray lass
X1 + X4. Then φ is either of lass X4, in whih ase (M,φ) is loally onformal to a parallel G2-manifold,
or (M,φ) is onformal to a nearly parallel G2-manifold.
4. The 6-dimensional almost Hermitian ase
An almost Hermitian manifold is a Riemannian manifold (M2m, g) equipped with an orthogonal almost
omplex struture J . The metri and the almost omplex struture then dene the fundamental two-form
of the almost Hermitian struture:
ω(X,Y ) := g(JX, Y ).
As opposed to the G2 ase above and the ase of SU(3) below, the omponents of the intrinsi torsion of
a Hermitian struture annot all be identied with dierential forms [27℄. Instead, the intrinsi torsion is
deteted by dω along with the Nijenhuis tensor NJ .
From now on m is taken to be at least 3.
4.1. The Nijenhuis Tensor. For an almost omplex struture J the Nijenhuis tensor measures the failure
of the eigenspaes J in the omplexied tangent spae to be involutive. Let pi′(X) = 12 (X − iJX) and
pi′′ = 12 (X + iJX) be the projetions to the i-eigenspae T
′
and the −i-eigenspae T ′′, respetively. We set
NJ(X,Y ) :=pi
′[pi′′X, pi′′Y ] + pi′′[pi′X, pi′Y ]
=
1
4
([X,Y ]− [JX, JY ] + J [JX, Y ] + J [X, JY ]) .
Using the metri we obtain an algebraially equivalent 3-tensor
NJ(X,Y ;Z) = g(NJ(X,Y ), Z),
with the property NJ(JX, Y ;Z) = NJ(X, JY ;Z) = NJ(X,Y ; JZ). Equivalently,
NJ ∈
r
Λ(2,0) ⊗ Λ(1,0)
z
.
See for instane [9℄ for an explanation of the notation.
The spae
q
Λ(3,0)
y
is a subspae of
q
Λ(2,0) ⊗ Λ(1,0)
y
in the natural way. The projetion
q
Λ(2,0) ⊗ Λ(1,0)
y
→q
Λ(3,0)
y
is given simply by skew-symmetrization. Write V for the orthogonal omplement of
q
Λ(3,0)
y
inq
Λ(2,0) ⊗ Λ(1,0)
y
. Then we may split the Nijenhuis tensor aordingly
NJ = N
3,0
J +N
V
J .
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One may now dedue that
(4.1) (dω)3,0(X,Y, Z) = 3g(N3,0J (X,Y ), JZ) = 3N
3,0
J (X,Y, JZ).
The struture equations for an almost Hermitian manifold now an be written
(4.2) dω = −3J(1)N
3,0
J + 2σ1 ∧ ω + σ3, NJ = N
3,0
J +N
V
J .
The rst equation here employs the onventions (J(1)α)(X,Y, . . . ) := −α(JX, Y, . . . ), see [24℄. This ation
of the omplex struture J on dierential forms is, generally speaking, distint from the usual ation given
by (Jα)(X1, . . . , Xp) := (−1)
pα(JX1, . . . , JXp).
The Gray-Hervella lasses of an almost Hermitian manifold are in the following orrespondene with the
omponents in (4.2)
N
3,0
J ↔W1, N
V
J ↔W2, σ3 ↔W3, σ1 ↔W4.
Almost Hermitian manifolds in the lass W1, alled nearly Kähler manifolds, are haraterized by the
onditions NVJ = σ1 = σ3 = 0 or equivalently, by demanding that the ovariant derivative of the almost
omplex struture with respet to the Levi-Civita onnetion be skew-symmetri, (∇gXJ)X = 0 [15℄.
Remark 5. Almost Hermitian manifolds in the lass W1 +W3 +W4 are haraterized by N
V
J = 0, i.e. the
Nijenhuis tensor is totally skew-symmetri. This amounts to the existene of a linear onnetion preserving
the almost Hermitian struture with totally skew-symmetri torsion [12℄. In dimension 6, this lass an also
be haraterized by the property that the Nijenhuis tensor is either everywhere non-degenerate (of onstant
signature) or vanishes identially [5℄. These manifolds are alled quasi-integrable and investigated in details
in [5℄.
For an arbitrary one-form the relation
(dθ)(X,Y )− (dθ)(JX, JY )− d(Jθ)(JX, Y ) + Jd(Jθ)(JX, Y ) = 4g(NJ(X,Y ), J(Jθ)
#)
holds. Writing dθ2,0 = 12 (dθ − Jdθ) for the projetion of dθ to
q
Λ(2,0)
y
we have
Lemma 6. Suppose (g, J) is an almost Hermitian struture in lass W1 +W3 +W4. Let θ be a one-form
and write θ′ := Jθ. Then
(dθ)2,0 + J(1)(dθ
′)2,0 = 23θ
′
y (dω)3,0
4.2. SU(3)-strutures. A 6-dimensional manifold with an SU(3)-struture omes equipped with data
(g, J, ω, ψ+, ψ−) invariant with respet to the ation of SU(3). Here g is a Riemannian metri, J is an almost
omplex struture, ω the fundamental two-form and ψ+ and ψ− are three-forms suh that Ψ := ψ+ + iψ−
is a omplex (3, 0)-form. These invariant tensors are not independent, in fat the triple (ω, ψ+, ψ−) with
ψ+ + iψ− deomposable and ompatible with ω by means of the equations below, denes both g and J ,
see [19℄. Clearly the triple (g, ψ+, ψ−) will do the same. We hoose a normalization with the following
relations
(4.3)
ω(X, JY ) = g(X,Y ),
ω ∧ ψ+ = 0 = ω ∧ ψ−,
3ψ+ ∧ ψ− = 2ω
3 = 12 volg,
∗ω = 12ω
2, ∗ψ+ = ψ−, Jψ+ = −ψ−.
4.2.1. Torsion lasses and struture equations. Under the ation of SU(3), Λ(3,0) = C and V ⊗ C ∼= Λ
(1,1)
0 .
This means that V ∼= 2 su(3) and
q
Λ(3,0)
y
∼= 2R. Moreover, for an SU(3)-struture (ω, ψ±), the ompo-
nents of the Nijenhuis tensor an be omputed from omponents of (dω, dψ±). In fat there are algebrai
orrespondenes
N
(3,0)
J ↔ (dω)
(3,0)+(0,3) ↔
(
(dψ+)
(0,0), (dψ−)
(0,0)
)
,
NVJ ↔
(
(dψ+)
(2,2)
0 , (dψ−)
(2,2)
0
)
.
The rst arrow is given by equation (4.1), the seond is desribed below. The remaining one has a similar
desription whih we will not need here.
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The SU(3)-struture funtion ∇gΨ is ompletely determined by the exterior derivatives of the three forms
ω, ψ+ and ψ−. These may be written as
dω = 3
(
σ+0 ψ+ − σ
−
0 ψ−
)
+ 2σ+1 ∧ ω + σ3,
dψ+ = −2σ
−
0 ω
2 + 3σ+1 ∧ ψ+ − σ
−
1 ∧ ψ− + σ
+
2 ∧ ω,(4.4)
dψ− = −2σ
+
0 ω
2 + 3σ+1 ∧ ψ− + σ
−
1 ∧ ψ+ + σ
−
2 ∧ ω.
Here σ±p are p-forms and σ3 is a three-form. They orrespond roughly to the lassesW
+
1 , W
−
1 , W4, W5, W
+
2 , W
−
2 ,
and W3 of [8℄, respetively (see also [4℄). These determine the Gray-Hervella lasses of the underlying almost
Hermitian struture in the obvious way.
Remark 7. The one-form σ+1 is, in fat, the Lee form of the almost Hermitian struture. In ontrast σ
−
1 is
onformally invariant. Therefore σ−1 does not really orrespond to the lass W5 but rather to 3W4+ 2W5.
This hoie for the one-forms was introdued by Martín Cabrera [24℄.
4.2.2. A transformation. Set λ := σ+0 + iσ
−
0 and Λ := |λ|. In neighbourhoods with λ non-vanishing an
argument ϕ := arg(λ) := arctan
(
σ
−
0
σ
+
0
)
may be hosen. We then set
ω˜ := Λ2ω,
ψ˜+ := Λ
2
(
σ+0 ψ+ − σ
−
0 ψ−
)
,
ψ˜− := Λ
2
(
σ−0 ψ+ + σ
+
0 ψ−
)
.
This gives the somewhat simpler struture equations
dω˜ := 3ψ˜+ + 2σ˜
+
1 ∧ ω + σ˜3,
dψ˜+ := 3σ˜
+
1 ∧ ψ˜+ − σ˜
−
1 ∧ ψ˜− + σ˜
+
2 ∧ ω˜,
dψ˜− := −2ω˜
2 + 3σ˜+1 ∧ ψ˜− + σ˜
−
1 ∧ ψ˜− + σ˜
−
2 ∧ ω˜.
where
σ˜+1 := σ
+
1 + Λ
−1dΛ, σ˜−1 := σ
−
1 − dϕ,
σ˜+2 := σ
+
0 σ
+
2 − σ
−
0 σ
−
2 , σ˜
−
2 := σ
−
0 σ
+
2 + σ
+
0 σ
−
2 ,
σ˜3 := Λ
2σ3.
In partiular, the struture equations of a nearly Kähler 6-manifold an always be put on the form [18, 28℄
dω = 3ψ+, dψ− = −2ω
2.
It is well known that these spaes are Einstein with positive salar urvature [16℄.
5. Loally onformally nearly Kähler 6-folds
For a 6-dimensional almost Hermitian manifold in the lass W1 +W4 a (possibly loal) hoie of trivial-
ization (ψ+, ψ−) allows us to write the struture equations (4.2), (4.4) as
dω = 3
(
σ+0 ψ+ − σ
−
0 ψ−
)
+ 2σ+1 ∧ ω,
dψ+ = −2σ
−
0 ω
2 + 3σ+1 ∧ ψ+ − σ
−
1 ∧ ψ−,(5.1)
dψ− = −2σ
+
0 ω
2 + 3σ+1 ∧ ψ− + σ
−
1 ∧ ψ+.
Dierentiating eah equation yields
0 = 3(dσ+0 + σ
+
0 σ
+
1 − σ
−
0 σ
−
1 )ψ+ − 3(dσ
−
0 + σ
−
0 σ
+
1 + σ
+
0 σ
−
1 )ψ− + 2dσ
+
1 ω,(5.2)
0 = −2(dσ−0 + σ
−
0 σ
+
1 + σ
+
0 σ
−
1 )ω
2 + 3dσ+1 ψ+ − dσ
−
1 ψ−,(5.3)
0 = −2(dσ+0 + σ
+
0 σ
+
1 − σ
−
0 σ
−
1 )ω
2 + 3dσ+1 ψ− + dσ
−
1 ψ+.(5.4)
These have the following immediate onsequenes. Equation (5.2) shows that dσ+1 is a (2, 0)+ (0, 2) form as
a linear ombination of one-forms ontrated with ψ+ and ψ−. Using standard identities suh as J(σ∧ψ+) =
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σ ∧ ψ− for an arbitrary two-form σ and J(σ ∧ ω) = σ ∧ ω for a (1, 1)-form, as well as ∗(θ ∧ ψ−) = θ y ψ+ =
(Jθ) y ψ− for a one-form θ, leads to the equivalent set of equations:
dσ+0 + σ
+
0 σ
+
1 − σ
−
0 σ
−
1 = J(dσ
−
0 + σ
−
0 σ
+
1 + σ
+
0 σ
−
1 ),(5.5)
dσ+1 = 3(dσ
−
0 + σ
−
0 σ
+
1 + σ
+
0 σ
−
1 ) y ψ+,(5.6)
(dσ−1 )
2,0 = 7(dσ−0 + σ
−
0 σ
+
1 + σ
+
0 σ
−
1 ) y ψ−.(5.7)
Lemma 8. Suppose (M6, ω, J) is an almost Hermitian manifold in the lass W1+W4. Then the Lee form is
losed if and only if (ω, J) is either globally onformal to a nearly Kähler struture (ω′, J ′) on M or loally
onformally equivalent to a Kähler struture.
Proof. Suppose the Lee-form is losed dσ+1 = 0. Loally, we pik a smooth trivialisation (ψ+, ψ−) of
q
Λ(3,0)
y
.
Then, loally, equations (5.6) and (5.5) show that
dσ+0 + σ
+
0 σ
+
1 − σ
−
0 σ
−
1 = 0,
dσ−0 + σ
−
0 σ
+
1 + σ
+
0 σ
−
1 = 0,
whene
d
(
(σ+0 )
2 + (σ−0 )
2
)
+ ((σ+0 )
2 + (σ−0 )
2)(2σ+1 ) = 0.
However,
φ := (σ+0 )
2 + (σ−0 )
2 = 19
∥∥dω3,0∥∥2
is a globally well-dened, smooth funtion, and α := 2σ+1 is losed. So Lemma 3 applies and we onlude
that
∥∥dω3,0∥∥ is either non-zero everywhere, or it vanishes at all points. 
Remark 9. Note that in dimension 6 the Nijenhuis tensor is either everywhere non-degenerate (of onstant
signature) or vanishes identially not only for W1 +W4, but for the whole lass W1 +W3 +W4 [5℄.
Theorem 10. Let M be a 6-dimensional manifold with an almost Hermitian struture (ω, J) in the Gray-
Hervella lass W1 +W4. Then either (ω, J) is loally onformally equivalent to Kähler struture on M , or
(ω, J) is a onformal transformation of a nearly Kähler struture.
Proof. Write M as a disjoint union M0 ∪M1 where
M0 :=
{
x ∈M : (dω)3,0 = 0
}
, M1 :=
{
x ∈M : (dω)3,0 6= 0
}
.
On the open submanifold M1 there is a anonial hoie of trivialization of
q
Λ(3,0)
y
given by taking ψ+ =
(dω)3,0. After a suitable transformation (as in setion 4.2.2) we obtain the struture equations
dω˜ = 3ψ˜+ + 2σ˜
+
1 ∧ ω˜,
dψ˜+ = 3σ˜
+
1 ∧ ψ˜+ − σ˜
−
1 ∧ ψ˜−,(5.8)
dψ˜− = −2ω˜
2 + 3σ˜+1 ∧ ψ˜− + σ˜
−
1 ∧ ψ˜+.
Equations (5.5), (5.6) and (5.7) then beome
σ˜+1 = Jσ˜
−
1 ,
dσ˜+1 = 3σ˜
−
1 y ψ˜+,(5.9)
(dσ˜−1 )
2,0 = 7σ˜−1 y ψ˜−.
Using Lemma 6 with θ = σ˜+1 , θ
′ = σ˜−1 , and the identity J(1)(σ y ψ±) = (Jσ) y ψ± = ∓σ y ψ∓ valid for all
one-forms σ, we get
dσ˜+1 − J(1)(dσ˜
−
1 )
2,0 = −2σ˜+1 y ψ˜− = −2σ˜
−
1 y ψ˜+.
This is only ompatible with the relations (5.9) if σ˜−1 y ψ˜+ = 0. Therefore σ˜
+
1 = σ˜
−
1 = 0 and the original
one-forms σ±1 are, in fat, exat on M1. Moreover, on the interior M
o
0 of M0, dω = 2σ
+
1 ∧ ω, so dσ
+
1 |Mo0 = 0
also holds.
So the set of points at whih dσ+1 6= 0, whih learly is open, is the ommon boundary of two open sets
in M , at least one of whih is non-empty. Therefore dσ+1 = 0 on all of M and Lemma 8 ompletes the
proof. 
CONFORMAL EQUIVALENCES IN DIMENSION 6 AND 7 7
6. Proof of Theorem 1 and Theorem 2
Theorem 4 and Theorem 10 show that the Riemannian manifold (M, g) is globally onformal to an Einstein
spae of positive salar urvature. Further, if the salar urvature is onstant then the Obata Theorem (see
the proof in [22℄) tells us that the onformal transformation making the metri Einstein is trivial, or else
(M, g) is the standard sphere. 
7. Curvature lassifiation
The Riemannian urvature tensor of a nearly Kähler 6-manifolds or a nearly parallel G2-manifold is
espeially simple. In fat, viewing urvature tensors as bundle endomorphisms R : Λ2 → Λ2, the urvature
splits as
(7.1) Rg = Rg +
sg
2n(n− 1)
IdΛ2 .
where Rg, formally, is the urvature tensor of a spae with holonomy algebra g and n is the dimension of
the underlying spae. This formula is reminisent of the urvature formula for a Riemannian manifold with
holonomy Sp(n)Sp(1) of [27℄. In the ases of onern, g and n are equal to su(3) and 6 for nearly Kähler and
g2 and 7 for nearly parallelG2. In either situation the tensorR
g
takes values in aG-irreduible subspae of the
spae of algebrai Weyl tensors, i.e., algebrai urvature tensors with vanishing Rii ontration. Standard
identities [3℄ now make it possible to dedue the form of the urvature tensor for an almost Hermitian or G2
spae of type W1 +W4, or X1 + X4, respetively. The onformal invariane of the Weyl urvature implies
that a manifold in the more general lasses are Einstein if and only if their urvature is of the same form of
nearly parallel strutures.
Theorem 11. (a) Suppose (M,φ) is a G2 manifold of strit type X1+X4 suh that the assoiated metri g is
omplete and Einstein. Then (M, g) is isometri to either the sphere, the hyperboli spae or the eulidean
spae equipped with a onstant urvature metri. Furthermore, the G2 struture φ is a onformal hange
of a suitable restrition of the standard nearly parallel struture on the 7 dimensional sphere.
(b) Suppose (M,ω, J) is an almost Hermitian 6-manifold of strit type W1 + W4 suh that the assoiated
metri g is omplete and Einstein. Then (M, g) is isometri to either the sphere, hyperboli spae or
eulidean spae equipped with a onstant urvature metri. Furthermore, the almost Hermitian struture
(ω, J) is a onformal hange of a suitable restrition of the standard nearly Kähler struture on the 6
dimensional sphere.
Proof. This is an immediate onsequene of Theorem 4, Theorem 10, uniqueness of the nearly parallel
struture ompatible with the round metri on the 7-sphere, uniqueness of the nearly Kähler struture
ompatible with the round metri on the 6-sphere, see Friedrih [11℄ and the Main Theorem of [21℄. 
Corollary 12. Suppose M is a G2 manifold or almost Hermitian 6-manifold of strit type X1 + X4 or
W1 + W4, respetively. Assume that the Riemannian urvature of M is of the form (7.1). Then M has
onstant setional urvature and in partiular Rg = 0.
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